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Abstrat
We formulate and prove a free quantum analogue of the rst fundamental theorems
of invariant theory. More preisely, the polynomial funtion algebras on matries are
replaed by free algebras, while the universal osovereign Hopf algebras play the role
of the general linear group.
Introdution
This note was inspired by reading the paper [5℄ of Goodearl, Lenagan and Rigal. We have
followed part of their introdution very losely and we have tried to keep, as muh as
possible, the terminology and notation of this paper.
Consider a xed eld K and positive integers m,n, t > 0. For integers u, v > 0, we
write Mu,v for the set of u × v matries with entries in K. The general linear group
GLt = GLt(K) ats on the variety V =Mm,t ×Mt,n, with ation given by
GLt × V −→ V
(g, (A,B)) 7−→ (Ag−1, gB).
Thus GLt ats on the algebra O(V ) ∼= O(Mm,t)⊗ (Mt,n). The rst fundamental theorems
of invariant theory desribe the subalgebra O(V )GLt of invariants for this ation in the
following way. Consider the multipliation map
θ :Mm,t×Mt,n −→Mm,n
(A,B) 7−→ AB
and denote by θ∗ : O(Mm,n) −→ O(Mm,t)⊗O(Mt,n) the indued algebra morphism.
Theorem 0.1 The ring of invariants O(V )GLt equals Imθ∗.
Theorem 0.2 Let Xij (1 ≤ i ≤ m , 1 ≤ j ≤ n) be the usual oordinate funtions on
Mm,n. Let Tt+1 be the ideal of O(Mm,n) generated by the (t + 1) × (t + 1) minors of the





These two theorems are respetively known as the rst and seond fundamental the-
orems of invariant theory (for GLt). See [4℄. They give a full desription of the algebra
O(V )GLt .
Goodearl, Lenagan and Rigal [5℄ generalized these theorems for quantized oordinate
algebras. In this paper we prove analogues of these theorems for free algebras.
Let u, v > 0 be positive integers, and denote by A(u, v) the free algebra on uv gener-
ators. The natural analogue of the algebra morphism θ∗ above is the algebra morphism
(denoted by θ for simpliity)





where xij , yij , zij stand for generators of A(m,n), A(m, t) and A(t, n) respetively. It is
easy to show that ontrary to the ommutative ase, the morphism θ is always injetive.
The following question arises naturally: does there exist a quantum group G ating on
Am,t and At,n and suh that Imθ equals (Am,t ⊗ At,n)
G
? We show that the universal
osovereign Hopf algebras introdued in [2], whih are natural free analogues of the general
linear groups in quantum group theory, answer positively to this question. The key for
proving this result is a representation theoreti property of these Hopf algebras, proved in
[3℄.
Our work is organized as follows. In setion 1 we reall the setup of [5℄ for non-
ommutative analogs of the rst fundamental theorems of invariant theory. In Setion 2
we reall some basi fats onerning the universal osovereign Hopf algebras and state the
main theorem. The proof is given in Setion 3.
Throughout the paper we work over an arbitrary base eld K.
1 The setup for non-ommutative invariant theory
Let us rst reall the setup, due to Goodearl, Lenagan and Rigal, for stating non-ommutative
analogues of the rst fundamental theorems of invariant theory. Similar onsiderations were
done independently by Bania [1℄ in the ontext of Ka algebras ations.
Let H be a Hopf algebra, let (A, ρ) be a right H-omodule algebra and let (B,λ) be a
left H-omodule algebra, where
ρ : A −→ A⊗H and λ : B −→ H ⊗B
are the oations of H. One an turn A into a left H-omodule with the oation ρ′ =
τ ◦ (IdA⊗S)◦ρ where τ : A⊗H −→ H⊗A is the standard ip. Thus one an onsider the
tensor produt A ⊗ B of the left H-omodules A and B whih is a left H-omodule, but
whih, in the non-ommutative situation, is not any more a omodule algebra in general.
However, we have the following result from [5℄ (see also [1℄):
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Proposition 1.1 The set of oinvariants (A⊗B)coH is a subalgebra of A⊗B.
Here it should be realled that if M is a left H-omodule with oation α : M −→
H ⊗M , the set of oinvariants is M coH = {x ∈ M | α(x) = 1 ⊗ x}. Denoting by C the
ategory of left H-omodules and by I the trivial one-dimensional omodule, then M coH
is anonially identied with HomC(I,M).
Fix positive integers m,n, t > 0. We denote by A(m,n), A(m, t) and A(t, n) the free
algebras on mn, mt and tn generators respetively, with anonial generators denoted
respetively by xij , yij and zij . The free analogue of the omultipliation map θ
∗
of the
introdution is the algebra morphism




yik ⊗ zkj .
It may be shown easily by diret omputations that θ is injetive.
Now onsider a Hopf algebra H having a multipliative matrix u = (uij) ∈ Mt(H).
This means that for i, j ∈ {1, . . . , t}, we have ∆(uij) =
∑
k uik ⊗ ukj and ε(uij) = δij .
Then A(m, t) is a right H-omodule algebra with oation





In the same way A(t, n) is a left H-omodule algebra with oation




uik ⊗ zkj .
Thus we are in the preeding situation and we an onsider the algebra (A(m, t)⊗A(t, n))coH .
Similarly to Proposition 2.3 in [5℄, we have the following result.
Proposition 1.2 The algebra (A(m, t) ⊗ A(t, n))coH is a subalgebra of A(m, t) ⊗ A(t, n)
ontaining Imθ.
It is natural to wonder when the algebra morphism θ is surjetive. We will see that
θ is surjetive for the universal osovereign Hopf algebras [2℄. In fat the key property
in order that θ be surjetive is that the tensor powers of the omodule U assoiated to
the multipliative matrix u be simple non-equivalent omodules. At the ring-theoreti




2 Universal osovereign Hopf algebras and the theorem
Let F ∈ GLt. Reall [2℄ that the algebra H(F ) is dened to be the universal algebra with
generators (uij)1≤i,j≤t, (vij)1≤i,j≤t and relations:
utv = tvu = It = vF
tuF−1 = F tuF−1v ,
where u = (uij), v = (vij) and It is the identity t × t matrix. It turns out [2℄ that
H(F ) is a Hopf algebra with omultipliation dened by ∆(uij) =
∑
k uik ⊗ ukj and
∆(vij) =
∑
k vik ⊗ vkj , with ounit dened by ε(uij) = ε(vij) = δij and with antipode
dened by S(u) = tv and S(v) = F tuF−1. Furthermore H(F ) is a osovereign Hopf
algebra [2℄: there exists an algebra morphism Φ : H(F ) −→ k suh that S2 = Φ ∗ id ∗Φ−1.
The Hopf algebras H(F ) have the following universal property ([2℄, Theorem 3.2).
Let H be Hopf algebra and let V be nite dimensional H-omodule isomorphi with
its bidual omodule V ∗∗. Then there exists a matrix F ∈ GLt (t = dimV ) suh that V is
an H(F )-omodule and suh that there exists a Hopf algebra morphism pi : H(F ) −→ H
suh that (1V ⊗pi) ◦ βV = αV , where αV : V −→ V ⊗H and βV : V −→ V ⊗H(F ) denote
the oations of A and H(F ) on V respetively. In partiular every nite type osovereign
Hopf algebra is a homomorphi quotient of a Hopf algebra H(F ).
In view of this universal property it is natural to say that the Hopf algebras H(F ) are
the universal osovereign Hopf algebras, or the free osovereign Hopf algebras, and to see
these Hopf algebras as natural analogues of the general linear groups in quantum group
theory.
Coming bak to the situation of the rst setion, we have the following result, whih is
a free quantum analogue of the rst fundamental theorems of invariant theory.
Theorem 2.1 Let m,n, t > 0 be positive integers and let F ∈ GLt. Then the algebra
morphism
θ : A(m,n) −→ (A(m, t)⊗A(t, n))coH(F )
is an isomorphism.
3 Proof of the theorem
3.1. We begin with some general onsiderations. Let C be aK-linear strit tensor ategory,
that is C is an abelian K-linear ategory and C = (C,⊗, I) is a strit tensor ategory [6℄
suh the tensor produt is K-linear in eah variable. Let X,Y be some objets of C. We






The produt of C(X,Y ) is dened on homogeneous elements f1 ∈ HomC(X
⊗k1 , Y ⊗k1) and
f2 ∈ HomC(X
⊗k2 , Y ⊗k2) by f1f2 := f1 ⊗ f2 ∈ HomC(X
⊗k1+k2 , Y ⊗k1+k2). It is immediate
to hek that C(X,Y ) is an assoiative K-algebra.
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Let m,n ∈ N∗ and let U be an objet of C. Let X = Um be the diret sum of m opies
of U . Let pi : U
m −→ U and vi : U −→ U
m
, 1 ≤ i ≤ m, the anonial morphisms suh
that
∑m
i=1 vi ◦ pi = 1X and pi ◦ vj = δij1U . Similarly, let Y = U
n
be the diret sum of n
opies of U . Let qi : U
n −→ U and ui : U −→ U
n
, 1 ≤ i ≤ n, the anonial morphisms
suh that
∑m
i=1 ui ◦ qi = 1Y and qi ◦ uj = δij1U .
Lemma 3.1 Assume that EndC(U) = K. Then the algebra morphism
ψ : A(m,n) −→ C(X,Y )
xij 7−→ uj ◦ pi
is an isomorphism
Proof. Let i1, . . . , ik ∈ {1, . . . ,m}, j1, . . . , jk ∈ {1, . . . ,m}. Then
ψ(xi1j1 . . . xikjk) = (uj1 ⊗ . . .⊗ ujk) ◦ (pi1 ⊗ . . .⊗ pik).
Thus ψ transforms a basis of A(m,n) into a basis of C(X,Y ), and is an isomorphism. 
3.2. Consider again the K-linear strit tensor ategory C. Let X be an objet of C.
Reall [6℄ that a right dual for X is a triplet (X∗, e, d) where X∗ is an objet of C, while
e : X ⊗X∗ → I and d : I → X∗ ⊗X are morphisms suh that
(e⊗ 1X) ◦ (1X ⊗ d) = 1X and (1X∗ ⊗ e) ◦ (d⊗ 1X∗) = 1X∗ .
We then have for all objets Y,Z of C isomorphisms
HomC(Y,X
∗ ⊗ Z) ∼= HomC(X ⊗ Y,Z)
f 7−→ (e⊗ 1Z) ◦ (1X ⊗ f).
Also reall that ifX has a right dual (X∗, e, d), then X⊗n has a right dual (X∗⊗n, en, dn) for
all n ∈ N∗, where en = e◦. . .◦(1X⊗n−1⊗e⊗1X∗⊗n−1) and dn = (1X∗⊗n−1⊗d⊗1X⊗n−1)◦. . .◦d.
Reall nally that in the tensor ategory of nite-dimensional left omodules over a
Hopf algebra, every objet has a right dual.
3.3. Let m,n, t > 0 be positive integers and let F ∈ GLt. Consider the multipliative
matrix u = (uij) ∈Mt(H(F )). One assoiates a right H(F )-omodule Ur to u: as a vetor
spae Ur = K
t
with its standard basis e1, . . . , et, and the oation α : Ur −→ Ur⊗H(F ) is
given by α(ei) =
∑
j ej ⊗uji. Similarly one assoiates a left H(F )-omodule Ul to u : as a
vetor spae Ul = K
t
and the oation β : Ul −→ H(F )⊗Ul is given by β(ei) =
∑
j uij⊗ej .
We have the following key result from [3℄ (Corollary 2.6):
Proposition 3.2 The left (respetively right) H(F )-omodules U⊗kl , k ∈ N
∗
(respetively
U⊗kr , k ∈ N
∗
) are simple non-equivalent left (respetively right) H(F )-omodules, and have
endomorphism algebras isomorphi with K.
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As a rightH(F )-omodule algebra A(m, t) is naturally identied with the tensor algebra





Now transform A(m, t) and T (Umr ) into left H(F )-omodules in the manner of Setion 1.










whih is both an algebra isomorphism and an H(F )-omodule isomorphism (we use the
notations of 3.1). Similarly A(t, n) is identied with T (Unl ) by the following left H(F )-
omodule algebra isomorphism:




We have now all the ingredients to prove Theorem 2.1. We work in the K-linear tensor
ategory C of left H(F )-omodules. Sine C is a onrete tensor ategory of vetor spaes,
we an proeed as if it was strit and the onsiderations of 3.1 and 3.2 are valid. We put
U = Ul. We have



















m)⊗i, (Un)⊗i) (by Proposition 3.2) = C(Um, Un).
It is straightforward to hek that for i1, . . . , ip ∈ {1, . . . ,m} and j1, . . . , jp ∈ {1, . . . , n},




∗ ⊗ . . .⊗ vi1(ek1)
∗ ⊗ uj1(ek1)⊗ . . .⊗ ujp(ekp)
into the element
(uj1 ⊗ . . . ⊗ ujk) ◦ (pi1 ⊗ . . .⊗ pik)
of C(Um, Un). Hene this isomorphism, omposed with (φ1⊗φ2)◦θ, yields the isomorphism
ψ of Lemma 3.1, and θ is itself an isomorphism. This onludes the proof of Theorem 2.1.
Remark. Theorem 2.1 is still valid if one replaes the Hopf algebra H(F ) by H(t), the
free Hopf algebra generated by the matrix oalgebra M∗t [7℄. This is lear from the proof
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